We study properties of these equations concerning non-oscillation. The main result is that under some natural assumptions for a delay differential equation the following four assertions are equivalent: non-oscillation of solutions of this equation and the corresponding differential inequality, positiveness of the fundamental function, and the existence of a nonnegative solution of a generalized Riccati inequality.
The equivalence of oscillation properties of the differential equation and the corresponding differential inequality can be applied to obtain new explicit conditions for non-oscillation and oscillation and also to prove some well-known results in a different way.
We employ a generalized Riccati inequality to compare oscillation properties of two equations without comparing their solutions. These results can be regarded as a natural generalization of the well-known Sturm comparison theorem for a second order ordinary differential equation.
By applying the positiveness of the fundamental function we compare positive solutions of two non-oscillation equations. There are a lot of results of this kind for delay differential equations of first order and only a w x few for second order equations. A. D. Myshkis 1 obtained one of the first comparison theorems for second order equations. The result presented here is more general and is proved in a different way.
The paper also contains conditions on the initial function and initial values which imply that the corresponding solution is positive. Such conditions are well known for first order delay differential equations; however, we have not come across similar results for second order equations.
Some of the results presented here generalize the known non-oscillation Ž tests to the case of discontinuous parameters we only need the minimal . requirement of measurability . A new technique based on a generalized Riccati inequality made it possible to deal with discontinuous parameters and to obtain explicit oscillation criteria.
The paper is organized as follows. Section 2 contains the relevant definitions and notations. In Section 3 the equivalence of the four abovementioned properties is established. In Section 4 we present the comparison results. The next section includes some explicit conditions for nonoscillation and oscillation. In the last section we present a sufficient condition for a solution to be positive. w x In this paper we follow the method employed in 6 for first order delay differential equations. Ž .
We also assume that the following hypothesis holds Ž .
Ž . is called a fundamental function of Eq. 1 .
Ž .
We assume X t, s s 0, 0 F t -s. Let functions x and x be the solutions of the problems 1 2
Ž . with initial values x t s 1, x t s 0 for x and x t s 0, x t s 1 foṙ0 
Since u is absolutely continuous in each finite interval, c g L for every 
The kernel of the Volterra integral operator H is bounded in each
w x Ž . Therefore 8 the spectral radius of this operator r H s 0.
Ž . Ž .
Ž . 13 we have the following: if f t G 0 for t G t then z t G 0 for t G t . 1 1 Ž . Ž . Therefore 12 implies that the solution of 10 is nonnegative for any nonnegative right-hand side.
Ž . The solution of this equation can be written in the form 5 ,
Ž . the kernel of the integral operator 18 is nonnegative. Therefore
The function x t s X t, t is a positive solution of Eq. 1 . 
Ž . Implication 4 « 1 is evident. 
Ž . Ž . COROLLARY. Equation 1 is non-oscillatory if and only if inequality

Ž . for t ) t and Y t, s
Proof. Consider the problem
Ž . Ž . Ž . 
Hence the Volterra integral operator T is a compact operator acting on the space of integrable functions L for every b ) t . The spectral 
Proof. Denote by u a nonnegative solution of inequality 7 . The Ž . 
Ž . inequality a t G b t , t G t , yields that the function u is also a solution
Proof. First assume that f ' r ' 0. As in the proof of Theorem 4 we
imply that x t G 0, t G t . Then x t G x and hence x t ) x ė
Then u and¨are the solutions of the problems m m
The assumptions of the theorem and Theorem 4 imply¨t G u t for Ž .
y␣ Žtyt 0 .
Ž .
t G t , i.e., y t y y e G x t y x e for t G t , which can be Ž . Ž . Ž . 3 and 28 , 29 , respectively, with f ' r ' 0 and by x and y the 2 2 solutions of these problems with x s x X s y s y X s 0. By Theorem 4,
Ž .x w Ž . y t G x t for t G t . Clearly, y t y x t s y t y x t q y t y Ž .x x t , and hence We obtain the most complete result if we compare two solutions x and Ž . Ž . y of the same Eq. 2 . In this case we will not assume that a t G 0 and Ž .
Ž . The proof of 2 and 3 is similar to the proof of the previous theorem.
Ž .
Remark. Explicit constructions of solutions of inequality 25 will be presented in the last section.
EXPLICIT NON-OSCILLATION AND OSCILLATION CRITERIA
We will employ Corollary 2 of Theorem 2 to obtain explicit sufficient conditions for non-oscillation. Now we turn to the oscillation problem.
Consider the equation
w x with continuation functions a and g. In 10 the following result was obtained.
If the ordinary differential equation
Ž . is oscillatory then 34 is also oscillatory. We generalize this statement to Ž . Eq. 1 with several delays.
Ž .
Ž . Ž . is oscillatory. Then 1 is oscillatory.
Proof. Suppose 1 is non-oscillatory. Theorem 3 implies that the equation 
Ž . Ž . Since y is a nonincreasing function then y c t G y t . By integrating thiṡ˙k Ž . Ž . Ž . Ž . Ž . Ž . inequality from t to t we get 1rc y c t y 1rc y c t G y t y y t ,
Ž . where y t s y c t s 0. Thus, y c t G c y t , therefore 38 implies
Ž . Theorem 1 yields that Eq. 35 is non-oscillatory. The contradiction obtained proves the theorem. is also oscillatory.
The corollary of the following theorem generalizes this statement.
Ž . Remark. Explicit oscillation conditions different from the previous w x ones are presented in 11᎐14 .
For ordinary linear differential equations of the second order the following oscillation criterion is well known: if an equation has an oscillatory solution then all its solutions are oscillatory. It is known that for delay differential equations this statement is not true.
We will show that if Eq. 1 has a slowly oscillatory solution, then all solutions of this equation are oscillatory. A similar result for delay differw x ential equations of first order was obtained in 6 . Ž . and at the point t the function x t has a sign change.
